Abstract-In this paper, a new class of polyphase sequences for CDMA systems and its generation method are suggested, and the correlation properties of the sequence are investigated. The performance of the sequence in quasi-synchronous CDMA (QS-CDMA) systems is investigated under frequency-selective, time-nonselective, slow Nakagami fading channel with additive white Gaussian noise (AWGN). It is shown that the performance of the QS-CDMA systems using the suggested sequence is independent of the number of users and is much better than that using the PN sequence.
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I. INTRODUCTION

F
OR direct-sequence code-division multiple-access (DS/CDMA) systems, a number of sequences have been suggested: among the examples are the -sequence and Gold sequence [1] . These sequences, however, exhibit some cochannel interference: for example, the variance of the interuser interference is and for asynchronous and synchronous channels, respectively, where is the average transmitted power, is the symbol duration, is the number of users, and is the spreading ratio [2] . The cochannel interference in a system unavoidably lowers the performance of the system to some degree. Some methods of interference cancellation for such sequences have been investigated in several applications. For instance, the interference cancellation performance of the transversal filter with two-sided taps and that of the prediction error filter were analyzed in [3] and [4] , respectively. To combat the interuser interference, multiuser detection has also been considered recently in [5] - [7] . Since the interference in a system using such sequences is produced from the (intrinsic) correlation properties of the sequences, however, it is not possible to completely eliminate the interuser interference in the multiple-access systems. In [8] , an orthogonal sequence is proposed. When the period is prime, the autocorrelation function of the sequence is except for every th term, and the absolute value of the crosscorrelation of two sequences with different user indices is . The sequence, nonetheless, has some disadvantages. One is that, since the sequences are generated by the discrete Fourier transform (DFT) method, it is quite complex to generate the sequences: a simpler generation method has recently been reported in [9] . Among the other disadvantages are that there exists some nonzero crosscorrelation among the sequences and that the sequence is useful only for synchronous channels. Another polyphase pseudoperiodic sequence is suggested in [10] , [11] : since the periodic correlation of the sequence is , the system using this sequence exhibits no interuser interference. This sequence, however, is not useful in selective fading channels and is also difficult to generate.
In this paper, we suggest a semi-orthogonal sequence named Park-Park-Song-Suehiro (PS) sequence, which has several good correlation properties. The autocorrelation function of the sequence is except at periodic intervals, and the crosscorrelation function between properly selected sequences is . Thus we can completely reject the interuser interference in a system with the PS sequence. There are two restrictions in using the PS sequence in CDMA systems. One is that a high degree of timing synchronism at the receiver is necessary, and the other is that the delay spread of the reverse-link channels must be small. Therefore, the PS sequence can be used in such practical situations as the down-link of DS/CDMA systems and both the up-and downlinks of quasi-synchronous CDMA (QS-CDMA) systems with a small delay spread.
The QS-CDMA system model [12] , [13] is assumed in this paper as an example of the application of the PS sequence in practical systems. The QS-CDMA system considered here can be realized, for example, by providing each mobile user with a global positioning system (GPS) receiver, with the user bit epochs triggered by the GPS clock waveform. Given that the mobiles are equipped with GPS receivers, the user signals are then received at the base station with relative delays held to within a fraction of a bit, that is, within a few chips [13] . There was an attempt to design sequences for QS-CDMA systems [14] , where PN sequences are investigated to minimize the bit error probability. Although the crosscorrelation of the sequences in [14] is small, there still exists some crosscorrelation.
0018-9448/00$10.00 © 2000 IEEE In this paper, we suggest a new class of polyphase sequences and its generation methods. Correlation properties of the sequence are investigated. The suggested sequence possesses several advantages over other sequences. First of all, since the QS-CDMA systems with the suggested sequence exhibit no interuser interference, the system performance can be highly improved. Even when the number of users varies, the suggested sequence makes the system performance stable. In Section II, we introduce the PS sequence and its generation methods. Correlation properties of the sequence are investigated in Section III, where the autocorrelation and crosscorrelation properties are analyzed. As a practical application of the sequence, performance of QS-CDMA systems using the PS sequence is analyzed in Section III as well, and simulation results are given in Section IV.
II. DEFINITION AND GENERATION OF THE SEQUENCE
A. The New Sequence
Definition 1: Let us define the DFT matrix with index as (1) where is a natural number, , , and .
Definition 2:
The diagonalized matrix of a sequence is defined as
Definition 3: Let the quotient and residual functions and be defined as (3) where and are integers, is a natural number, and with . Let us define the basic symbols as (not necessarily distinct) symbols all with equal magnitude: without loss of generality, we assume 's are all located on the unit circle in the complex plane. For example, is a set of basic symbols. We first generate an orthogonal sequence from 's. For a set of basic symbols and , we define the basic orthogonal sequence matrix of size as (4) Next, the basic orthogonal sequence of length is defined by (5) where denotes the th row, th column element of . Using the basic orthogonal sequence , we form the matrix as (6) where (7) , and is a natural number. The first column of is composed of followed by 's, followed by 's, , and followed by 's. Other columns of are cyclically shifted vectors of the first column. Then the PS sequence matrix of size is defined as (8) where, as shown in Appendix-A
A sequence which is a column of , will be called a PS sequence.
B. An Example
Let
, , , and . Then
and (12) where denotes transpose. Since , the PS sequence matrix is (13) Therefore, the two PS sequences are (14) and (15) 
C. Simpler Generation of the PS Sequence
In the preceding subsection, we have defined the PS sequence. The generation, however, involved a number of matrix multiplications: in this subsection, a simpler generation method is introduced.
Without loss of generality, we can assume where is a natural number. Consider a function defined by when . Then (9) becomes (16) where , , and denotes the summation over all , , such that . (When is prime, there exists at most one satisfying this equation, and consequently (16) has at most one term.) What (16) implies is that we need only to calculate to obtain , once , , , and are specified: in other words, we can obtain the PS sequence without using DFT calculations or matrix multiplications. In Tables I and II, we generate the two PS sequences, originally obtained in (14) and (15), by using only integer sums and modular techniques. In this example, we choose . Note that, is neither unique nor equal to in general.
III. CHARACTERISTICS AND APPLICATIONS OF THE PS SEQUENCE
A. Autocorrelation
As shown in Appendix-B, the autocorrelation function of the PS sequence is (17) which is drawn in Fig. 1 . As we can see in (17) and Fig. 1 , the autocorrelation function has a nonzero value only when : we can control the interval or period by properly choosing the value of . On the other hand, the PN sequence has nonzero values of the autocorrelation function at all intervals. The autocorrelation property of the PS sequence is similar to that of the sequence in [10] : as we shall see in Section III-B, the PS sequence has better crosscorrelation properties than the PN sequence and the sequence in [10] . It should be noted that the approximate bandwidth of the PS sequence is (hertz), which is narrower than that of the or Gold sequence if is greater than .
B. Crosscorrelation
Let us denote two PS sequences as and . Then, as shown in Appendix-C, the crosscorrelation function of the two sequences is (18) where represents the complex conjugate and the superscripts I and II of , , and are used to distinguish the two sequences. In Table III , the normalized values of the crosscorrelation function are shown for three distinct cases. In the first case,
, we see the normalized absolute crosscorrelation function is . In this case, the crosscorrelation is independent of the values of the other parameters and . Next, when and , the absolute value of the normalized crosscorrelation function at is , if and is a prime number. Finally, when , , and (in other words, when only the 's of the two sequences are different), the normalized absolute value of the crosscorrelation function is except for . In this case, if we focus on the zero-shifted interval of the crosscorrelation, the normalized absolute value can be made to be at by choosing 's to satisfy . Now, we make some definitions and summarize the results on the correlation properties as theorems for clearer explanations.
Definition 4:
An -subset of the PS sequence is the set of 's generated with the same values of and .
Definition 5:
A -class of the PS sequence is the collection of -subsets which have the same value of .
Note that the family of -classes (i.e., the -classes) constitutes a partition of the PS sequence, and the family of the -subsets in a -class constitutes a partition of the -class.
Theorem 1:
The autocorrelation function of the PS sequence is zero except when the time difference is a multiple of the square of the number of the basic symbols.
Theorem 2: Two PS sequences chosen from different -classes have no crosscorrelation.
Theorem 3:
The absolute value of the crosscorrelation between two PS sequences chosen from different -subsets of a -class is zero at when , where denotes the summation over all , , such that (e.g., when and is prime).
Theorem 4:
If the absolute value of the crosscorrelation between two PS sequences chosen from the same -subset is zero for and .
Proofs of Theorems 1-4 are given in Appendix-C. Theorem 2 implies that we can choose sequences which do not have any crosscorrelation. Viewing the basic symbols , as a complex vector , there exist (at most) orthogonal vectors in the complex vector space : this means that there are sequences with in an -subset. Thus from Theorems 2 and 4, we can choose sequences which have no crosscorrelation for . We would like to mention that the PS sequence are not optimal with respect to the Welch-Sidelnikov bound in general. Nonetheless, subclasses of the PS sequence are optimal with respect to the bound: two of such examples are the set of the PS sequences with different values of and the set of the PS sequences with different values of from a -class generated by a set of basic symbols of which the number is prime. Among the other sequences satisfying this bound are those considered in [15] .
C. Applications in QS-CDMA Systems
Assume that the channel is frequency-selective, time-nonselective, and slow Nakagami fading with additive white Gaussian noise. We also assume -ary phase-shift keying (MPSK), coherent reception, and rake receiver model in a QS-CDMA channel with users. We first consider two selection methods of PS sequences to be used as the signature sequence.
Selection Method 1:
Select one sequence each from different -classes. Then . Selection Method 2: Select sequences each from different -classes. Then .
Since the correlation functions of the PS sequence exhibit periodicity, it is not desirable to use a PS sequence directly as the signature (or, spreading) sequence, except for perfectly synchronous cases. For assigning a signature sequence to each user, we thus suggest a patching method: for Selection Method 1, we assign the following signature sequence to user : if if if (19) where is a natural number chosen based on the number of resolvable paths and the time delays, and the spreading gain is the length of the signature sequence. It should be noted that the signature sequence is a PS sequence added to a beginning and an ending "patches" of itself at both ends, as shown in Fig. 2 . To fully exploit the excellent correlation properties of the PS sequence, the number should satisfy (20) (21) and (22) where represents the largest integer less than or equal to , are independent and identically distributed (i.i.d.) time delays distributed uniformly over , is the chip duration time, represents the smallest integer greater than or equal to , and is the number of resolvable paths for user . Here, is the symbol period, and as a consequence of the QS nature of the system. In practical cases, we would have , , and . In Fig. 3 , a diagram of the received signals in the suggested system is shown. For Selection Method 2, the condition (22) should be replaced by (23) In Table IV , the maximum numbers of users for which there exists no interuser interference are shown for the two selection methods: it is clear that the maximum number of users varies depending on the selection method even if the spreading gain is almost the same.
The despreading sequence for user is a similarly (but more simply) patched PS sequence defined as
Then the signature and despreading sequence waveforms for user are given by (25) and (26) where is if and otherwise. If we denote the information symbols as where is the number of information bits per symbol, the information symbol waveform for user is given by (27) Thus the transmitted signal for user can be written as (28) where is the power of the transmitted signal, is the carrier frequency, is the phase of the th user, and . Since we assume QS, frequency-selective, time-nonselective, and slow Nakagami fading channel with additive white Gaussian noise, the received signal is is the Gamma function, is a positive real number ( is termed the "fading figure"), and is the second moment of and is assumed to be related to the second moment of the initial path strength by
A block diagram of the rake receiver is shown in Fig. 4 , where are the tap weights and is the number of taps. The tap weights are assumed to be perfect estimates of the channel parameters [16] . In practice, these estimates may be obtained from separate circuits, such as those given in [17] . The output of the rake receiver for user is then obtained as (33) where is the signal component response and is the noise component response and we assume without loss of generality . Then, using the nature of the QS system, and of the signature and despreading sequences, and the result in Appendix-D, we have (34) From now on, we omit the user index for notational convenience. Then, from (33), the variance of the noise component of the rake receiver output is is the hypergeometric function [18] with . From (39) and (40), we can see that using the PS sequence as the signature sequence may incur some energy loss in the transmitted symbol, a consequence of the patching process in making the signature sequence from a PS sequence. However, it is clear that the interuser interferences are completely rejected. In other words, since the factor is relatively small in QS-CDMA systems, we get high-performance gain at the expense of a small fraction of the energy. Thus we can expect that the system performance will be highly improved when compared with the performance of systems using other sequences.
Let us briefly compare the SNR loss due to the patching in the proposed system (proposed CDMA signature sequences with rake receivers) with that due to noise enhancement in the decorrelating system (nonorthogonal signature sequences with decorrelating receivers). It seems that a direct comparison is not feasible; however, the signal-to-noise ratio (SNR) loss in the proposed system is about while that in the decorrelating system is for the two-user synchronous case [17] , [19] , where is the maximum delay spread, is the channel-symbol rate, and is the crosscorrelation between spreading sequences. Thus if , the loss in the proposed system is less than that in the decorrelating system. In addition, the SNR loss of the proposed system does not depend on the number of users (to a certain point), while that of the decorrelating system increases as the number of users.
IV. NUMERICAL RESULTS
Let us define the average SNR as (42)
In order to compare the results from numerical analysis and simulation, we show the symbol error probability when , and in Fig. 5 . Since we used approximations to get (40), there are some differences between the analysis and simulation results.
In Fig. 6 , the symbol error probability of the systems with PN sequence and that with PS sequence is shown, when , , ,
, and . The analysis in [16] was used to get the symbol error probability for the PN sequence. It is clear that the symbol error performance of the system with PN sequence deteriorates when the number of users increases. When , we need SNR 10 dB to get the symbol error probability with the PN sequence for 10 users, while only SNR 6 dB is needed even for 20 users with the PS sequence.
To investigate the effects of the sequence length on the system performance, we show the symbol error probability for longer spreading gain in Fig. 7, when , , , , , , , and . When we use the PS sequence, the symbol error probability is not affected by the length of the sequence and the number of users. At , the SNR gain of the PS sequence over the PN sequence is about 1 dB when . The gain increases considerably as becomes large: for example, when , the gain is 5 dB at . It should be noted that the gain becomes higher at lower . Since the interuser interference can be reduced when is large for the PN sequence, the SNR gain of the PS sequence is larger when is smaller and is larger. (In real situations, it is more desirable to choose smaller values of and allow larger values of .)
V. CONCLUDING REMARK
We have suggested a new class of sequences and a simple generating method of the sequence. Systems with the suggested sequence exhibit no interuser interference because of the correlation properties of the sequence. In addition, the suggested sequence can be generated by a method consisting only of integer sums and modular techniques,which makes the system easy to implement. The performance of QS-CDMA systems with rake receivers in selective slow Nakagami fading channels using the suggested sequence was investigated. Since there is no interuser interference, the performance of the system is much better than that of the systems using the PN sequence.
APPENDIX
A. Derivation of the PS Sequence
From (5), (7) , and (8) using (21). Thus the range of integration in (50) encompasses only one symbol (see Fig. 8 ), and we have (51) using that the crosscorrelation of the PS sequence is zero.
